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1. Introduction 

 

 

Precipitation processes are widely used in industry, their complete design is 

difficult to develop because they must be designed to meet stringent requirements 

for some of the product properties such as size distribution, average particle size, 

morphology, purity and crystallinity in the same time. All these properties are 

influenced by several simultaneous phenomena such as nucleation, growth, 

aggregation, agglomeration, fragmentation, attrition and hydrodynamic and mixing 

conditions during the process [1-8]. Usually, precipitation processes occur in simple 

reactors: continuous, discontinuous or semi-discontinuous with mixing (slow 

reaction) and T-shaped mixers and Y (rapid reaction) [9-13]. 

When switching on an industrial scale, the product properties can be 

modified by changing/variation of process parameters. Operating conditions to 

achieve desired product properties can be selected either through an approach that 

aims to repeat experiments or through an optimization process based on the model. 

Model-based design and optimization requires knowledge of the key mechanisms in 

the formation and crystal growth. Therefore, the aim of this thesis is to find the 

appropriate method for the determination of all relevant mechanisms and develop 

mathematical models to simulate the precipitation process of hydroxyapatite. 

Hydroxyapatite (Ca10(PO4)6(OH)2) is the major inorganic component of 

bones and teeth, being accepted as a material with various uses for medical 

purposes. Also it is much used as heterogeneous catalyst [15-17], catalyst support 

[18.19], support for drugs [20.21], broker / adsorption of ions [22.23], support 

fungicides [24 - 27]. 

The preparation method and experimental conditions strongly influence the 

chemical and physical properties of hydroxyapatite, which are closely related to 

chemical reactivity [28]. The best known method of obtaining PAH is precipitation 

reaction when hydroxyapatite precipitate from supersaturated solutions. The first 

step is to quickly form a metastable phase of amorphous calcium phosphate, which 

over time turns into hydroxyapatite. 

Induction time and rate of transformation of amorphous calcium phosphate 

into hydroxyapatite is influenced by the extent of super-saturation, solution 

composition, ionic strength, pH, temperature and surface active substances that 

alter the surface tension.  

In conclusion, to obtain materials with well-defined and reproducible 

properties, requires rigorous control and regulation of working parameters in all 
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stages of synthesis. This control can be achieved only under conditions which called 

for the predictive management process, which requires knowledge of the 

mathematical model. 

Recent studies of the literature [29.30] show that are no data about the 

mathematical modeling of components in the process technology of hydroxyapatites. 

Also there are no data about the use of mathematical models as tools for predictive 

control and management of hydroxyapatites based biomaterials technology. 

Introducing of process computer and predictive management of the process sets the 

conditions for obtaining materials with well defined properties. 
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2. Modeling precipitation processes 

 

Chapter 2 of the thesis presents two issues to be taken into account to obtain 

the mathematical model that describes the process of precipitation. 

Mathematical modeling is an attempt to transfer / translate knowledge and 

understanding of a process  in mathematical relationships which allow the 

description of the evolution of system properties 

Development of a mathematical model for the precipitation process has as a 

starting point the knowledge of  the physical and mathematical laws of conservation 

and the population balance of crystals and the material balance. These conservation 

laws describe the dynamic behavior of the system. To describe the dynamics of the 

dispersed phase (particles) is used the population balance equation and for 

describing the liquid phase is using a mass balance equation for the solute 

concentration [31]. The concept of population balance equation was introduced in 

chemical engineering by Randolph and Larson [32] and Humbult and Kratz [33]. 

Population balance equation is a differential equation with partial derivatives which 

takes into account the different mechanisms by which particle is formed, evolves or 

disappears from the system. An overview of the techniques for solving the 

population balance equation is given in a statement made by Ramkrishna [34.35]. 

Solving techniques applied can be classified into four broad categories [36]: 

the method of moments, where only low order moments of particle size distribution 

are simulated and a distribution of unknown parameters are adjusted after deducted 

moments [33], orthogonal collocation method, where  the solution is approximated 

by linear combinations of the basic functions [37], finite difference 

methods/discretized population balance [38] and Monte Carlo simulation, in which 

history of individual particles is tracked [36]. Depending on the system investigated, 

a detailed description of solid phase precipitation process is necessary. This 

description includes the main phenomena, nucleation and particle growth and 

secondary phenomena of fragmentation and agglomeration [39]. All these 

phenomena are included, as long as they are considered in the model, in the 

population balance equation as kinetic rate expressions. 

Modeling particle size distribution in crystallization processes reveal the 

influence of operating conditions on final product quality. Calculation of kinetic 

parameters by mathematical analysis of particle size distribution and correlation of 

experimental data represent the basis of crystallizer’s correct sizing, optimization or 

control of precipitation-crystallization processes  
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3. Fundamental mechanisms during precipitation processes 

 

In Chapter 3 are presented the main phenomena that occur during the 

precipitation: nucleation, particle growth, agglomeration and fragmentation, all 

having supersaturation as the driving force [40]. 

Nucleation refers to the spontaneous formation of stable molecules cluster 

solution and requires large supersaturations. If a solution does not contain foreign 

solid particles, nuclei are formed by homogeneous nucleation. Homogeneous 

nucleation requires high supersaturations. The presence of foreign particles 

facilitates heterogeneous nucleation due to surface provided on which the nucleus 

can join. This latter type of nucleation occurs at lower supersaturations [25]. Once 

the nuclei become thermodynamically stable (nuclei that exceeded the critical size), 

they begin to grow and become crystals with viable size. Crystal growth from 

solution involves two major processes: 

1. mass transport from solution to crystal surface by diffusion, convection, or 

combination of both mechanisms; 

2. incorporation in the crystalline network by integrating on the material surface, is 

described as a surface reaction process 

Mechanisms that govern these stages are not fully understood [41.46] and 

the desire to explain them theoretical models have been proposed: the diffusion-

reaction models and integration at the crystal surface. There have been proposed 

several theories of growth of the crystal by integrating at its surface: the continuous 

growth model, screw dislocations or model BCF (Burton-Cabrera-Frank), bi-

dimensional nucleation model or birth and spread model (B & S - "birth and spread 

"). It is not possible to combine all of these phenomena equations derived in an 

overall growth rate expression because it is possible that some events take place 

simultaneously. 

A secondary particle formation process, which can significantly increase the 

final size of the crystal, is agglomeration/aggregation. This phenomenon is present 

in systems with high levels of supersaturation, such as precipitation, and is assessed 

together with crystals fragmentation. These secondary processes are characterized 

by low speeds and as a consequence, they usually take place after the formation of 

particles, does not consume the molecules in solution, leaving unchanged the total 

mass of particles. Agglomeration is the union of individual particles by chemical 

forces, forming a crystalline bridge and aggregation represents the chaotic collection 

of particles caused by Van der Waals forces or electrostatic forces [46]. In a 
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supersaturated solution agglomeration is predominant, having the effect of changing 

particle size distribution and only if is avoided we can obtain small particles  [40]. 
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4. Population balance equation 

 

In Chapter 4 is presented the population balance equation, a widely used tool 

for simulation of precipitation processes [49.34] because it incorporates all the 

phenomena that occur during precipitation: nucleation, growth and simultaneously 

agglomeration/particle fragmentation. Population balance equation is the balance of 

the number of crystals in a size range in time, in a batch reactor can be written as 

[50]: 
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Population balance equation can be solved exactly only in simple cases, 

numerical solutions are therefore necessary. Transforming the population balance 

equation in the moment form is the most common method to simplify the equation 

and at the same time to maintain the essential characteristics of the distribution of 

particles in solution [49]. The standard method of moments, the key is the 

formulation of the problem in terms of lower-order moments in closed form (this 
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means that only functions of moments are involved). Thus, for a homogeneous 

system, time is defined as: 

∫
∞

⋅=
0

),( dLtLnL
j

jµ    (3) 

The first four moments are of interest because they are correlated with the 

number of particles ( 0µ=tN ), the total area of particles ( 2µ⋅= at kA ) and total 

particle volume ( 3µ⋅= vt kV ) by factors of form ( vk  , ak ) that depend on particle 

morphology. Average particle diameter pd  can be determined by these moments, 

using the approximation: 

0

1

µ

µ
=pd       (4) 

Using the method of moments, the population balance equation can be 

transformed into a set of ordinary differential equations that describe the changing 

of moment’s distribution in time [33]. Solving this system of differential equations 

are obtained the four moments of particle size distribution at different times, of 

which using equation (4) is theoretically possible to extract the theoretical diameter 

/ simulated. In this way the theoretical average diameters are obtained, which will 

be adjusted to experimental diameters to determine the kinetic parameters. 
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5. Nucleation kinetics 

 

Precipitation from the solution includes several phenomena such as 

nucleation, growth, agglomeration and particle fragmentation. Particle size 

distribution, size and polymorphic form of the precipitated product is the result of 

all these phenomena. Measurement of nucleation kinetics for the precipitation at 

large supersaturations is virtually impossible, therefore was not achieved in this 

work. 

 

6. Growth and breakage kinetics 

 

Chapter 6 brings together information from literature about the methods of 

determining the kinetics of growth. The ability to determine the kinetics of growth 

and fragmentation is of particular importance for the modeling of precipitation. 

Several methods have been proposed in the literature to determine the growth rate 

of particle precipitation processes: 

• measurements made on individual crystals 

• measurements made on populations of crystals (this includes the methods 

of measurement based on laser diffraction, for determining particle size 

distribution) 

To facilitate the measurement of growth rate different experimental 

techniques are used. In practice empirical expressions are used, the aim being to 

describe the growth rate as reasonable depending on work conditions. Those terms 

should include at least the driving force for crystal growth, ie, supersaturation S. 

Supersaturation and crystal size may be approximately constant during growth, or 

have significant variations. Measurement that defines the growth rate can be 

obtained from the crystal changes (eg increase in size or weight) or changes in solute 

concentration of the solution due to crystal deposit. For many reactions involving 

the precipitation of insoluble salts of calcium, the growth rate G  is given by a kinetic 

equation of the form [41]: 

2)1(1

kSkG −=      (5) 

where: 1k  is the factor (constant speed) and 2k  is order growth rate and are 

empirical parameters that are determined experimentally. Supersaturation S  used 

to calculate the growth rate is defined as: 

satccS /=       (6) 
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where c  and satc  is the concentration and solubility of hydroxyapatite. Based on the 

order growth rate 2k , the probably growth mechanism can be deduced, using a 

synthesized data from literature [54], taking into account that several elementary 

processes occur simultaneously. Temperature strongly affects the crystal growth 

rate, and therefore will significantly affect the relative speed of diffusion and 

integration steps in the crystal surface. Most times the growth rate will be raised to 

high temperatures, as crystal size and shape will also change with temperature [53]. 
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7. Phase transformation: amorphous calcium phosphate in 

hydroxyapatite 

 

In this chapter are presented the experimental results about the influence 

that pH and temperature has over the transformation rate of amorphous calcium 

phosphate in hydroxyapatite. Experimental results obtained from the kinetic study 

undertaken formed the basis of mathematical modeling of the transformation in 

HAP [73]. 

Kinetics of the transformation of amorphous calcium phosphate to HAP, 

which can be described by a first order reaction law, is only a function of the solution 

pH at constant temperature. Among the methods of preparation by precipitation the 

most widespread can be described by the equation: 

OHNONHOHPOCa

NHOHNHHPONHNOCa

23426410

344423

620)()(

26)(6)(10

++→

→+++
 (7) 

Hydroxyapatite formation process can be described as one of the following 

macrokinetic mechanisms: 

a. mass transformation (chemical reaction - formation and growth of germs) 

b. mass transfer 

c. combined models (mass-transfer formation and growth of germs) 

The mathematical model corresponding the macrokinetic combined model of 

germ formation and growth is shown by equation (8): 
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Because the process takes place at constant supersaturation, it is assumed 

that both germ forming and transformation – growth rate are constant. Based on 

these assumptions follows: 

4
21

τη ⋅−−= K
e                                               (9) 

2
21

τη ⋅−−= K
e                                              (10) 

τη ⋅−−= 11
K

e                                                  (11) 

Equations (9) (10) and (11) allow calculating the time required for the 

fraction [ ] ην ≡n  of the newly formed phase (HAP) to reach a certain value (between 

0 and 1). Using this equations assume experimental measurements to verify the 

assumed kinetic mechanism as well as the numerical values for K1, K2 and K3 of the 

three equations. 
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In all the experiments were prepared: solution of calcium nitrate with 

concentration 0.5 mol / l and ammonium phosphate solution with concentration 0.3 

mol / l. In both solutions was added ammonia solution to adjust pH value at 8.5, 9.1, 

9.7, 10.2, 11.3, 12. At set times, from the reaction mass samples were taken which 

were filtered, washed with distilled water and dried at a temperature of 105 0C and 

then was calcined for 2 hours at 1000 0C. 

 

7.5. Experimental results 

To determine the constants K1, K2 and K3, were graphically represented the 

three equations (9) (10) and (11) in coordinates: 
[]ln(1 ) ( )

n
fν τ− − = . The analysis 

results show a very good agreement with the experimental results calculated only for 

equation (10), where the error for most results does not exceed 2%. From the slope 

were calculated numerical values of the constants K1, K2 and K3 and subsequently 

used in the simulation process. In order to identify the mathematical model that 

describes the process, we continued with the simulation of the process. In the 

simulation process we used the numerical values of the constants K1, K2 and K3 

with the experimental values of the conversion values to calculate the necessary time 

to achieve a certain degree of conversion values. The analysis results show a very 

good agreement with the experimental results calculated with the equation (10), 

thus confirming the correctness of the model proposed for the mathematical 

description of the process. 
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8. Hydroxyapatite precipitation: Growth kinetics 

 

This chapter presents a method for determining the growth kinetics in static 

mixers (mixers Y) for the precipitation of hydroxyapatite. The method determines 

the growth kinetics based on experimental data combined with the equations of 

population balance model and a parameter estimation technique. 

Experiments were conducted at different temperatures and supersaturations 

and occur in a batch reactor with mechanical agitation and temperature controlled. 

Solutions of calcium nitrate and ammonium phosphate were prepared using 

distilled water, in each was added 25% ammonia solution for pH adjustment to value 

11. Flow solution of calcium nitrate and ammonium nitrate was mixed in the mixer Y 

using a peristaltic pump Masterflex L / S (Cole - Parmer, Germany). Particle size 

distribution was measured with a particle size analyzer type Saldi-7101 (Shimadzu, 

Japan). During the experiment, at  preset time in the range 0-20 hours, samples 

were taken from the reactor and analyzed using the particle analyzer to determine 

the diameter of the particles. Mean particle diameter value is the average of two 

experiments (deviation 5%). 

 

8.6. Experimental results 

Concentrations were chosen in order to notice qualitatively and 

quantitatively the phenomena that occur in the system. In this context it may be 

noted that all kinetic curves obtained in the first moments exhibit a portion upward 

characteristic to the phenomenon of agglomeration of particles, followed by a 

descending portion, specific to fragmentation of agglomerates (clusters, s) formed. 

One can easily see that the whole field of concentration and temperature variation is 

a specific behavior of colloidal systems, which exhibit the phenomenon of (re) 

agglomeration followed by fragmentation, so that interpretation and explanation of 

experimental results will be made taking into account of their specific 

phenomenology. 

Experimental results (average diameter of particles) are analyzed using a 

mathematical model based on the population balance equation. By combining a 

process model optimization algorithm based on a least squares minimization, were 

determined from the experimental data the growth mechanism and kinetic 

parameters ( 1k , 2k , α ) and through their assessments were made the valuation of 

different mechanisms of particle growth. As a conclusion we can say that in the 

precipitation process of hydroxyapatite are three main mechanisms: 
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- one specific case where physical phenomena are limitative (diffusion and 

physical adsorption) at high temperatures (80 0C) and very low concentrations  

( 1.12 =k )  

- a mechanism specific for the case when the phenomena of mass conversion 

(polinucleation, spiral growth) are limiting the speed, a mechanism specific at 

low temperature (25 0C) ( 22 >k ) 

- combined mechanism: diffusion + mass conversion, for high temperatures (40-

60 0C) and low concentrations 

The accuracy of model predictions can be evaluated by comparing model 

results with experimental data. In most cases there is a good correlation between 

experimental data and those obtained by simulation which confirms the accuracy of 

the model. It notes, however, deviations from the values obtained from the 

population balance model to those from experimental data, due to the effects of (re) 

agglomeration (this phenomenon was not included in the model). With those 

exceptions there is a good agreement between experimental data and those obtained 

by simulation, which indicates the validity of the model and the kinetic parameters 

determined. 
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9. Growth kinetics in the presence of additives 

 

This chapter presents a method for obtaining small particles in nanometer 

range, which is based on a process of precipitation, realized at large supersaturation 

in the presence SiO2 used as surfactant. Kinetic parameters of precipitation were 

determined based on experimental data on the evolution in time of particle size 

combined with the equations a population balance model and an optimization 

method. 

Because hydroxyapatite is used for medical purposes, the surfactant that 

should be added has to be biocompatible and nontoxic. This was the reason why we 

used SiO2 added in synthesis as sodium silicate. Since in the system occur two 

competing parallel reactions, experimental investigations were necessary to 

establish conditions under which the addition of sodium silicate should be made in 

the reaction mass (how to add, temperature, pH). Following experimental research, 

we establish technological scheme for obtaining apatites with different proportions 

of SiO2. 

Textural and adsorptive properties of the prepared hydroxyapatite sorts have 

been tested on the retention capacity of copper [91] from very dilute solutions 

( 432 10105 −−+ ÷⋅=Cu mol / l) as a future opportunity to use pure or complex 

apatites (containing SiO2) in remediation processes. 

The results show that pure apatite leads to lower adsorption rates than 

apatites with structure modified by the addition of SiO2. Addition of SiO2 locks the 

growth of apatite particles and the phenomenon of (re) agglomeration leads to 

increasing their porosity, specific surface and concomitant the adsorption velocity, 

indicating that the process occurs on the surface of particles. The results were the 

prerequisite for a patent application which aims at the preparation of fungicides for 

agriculture, reducing substantially the amount of copper to be administered [25]. 

A series of experiments were carried out at different concentrations of 

sodium silicate to determine growth kinetics in a batch reactor. Following the 

procedure described in the previous chapter, the two reactants solutions were 

prepared which by contacting lead to hydroxyapatite with SiO2-content. 

In the ammonium phosphate solution 0.09 mol/l was added 25% ammonia 

solution to create highly basic medium (pH = 11), then in the solution was 

introduced Na2O: SiO2 solution, ratio 1:3,2. Simultaneously was prepared calcium 

nitrate aqueous solution with concentration 0.15 mol/L, and the basicity was also 

corrected at pH = 11. We worked at two SiO2 concentrations: 0.075% and 0.15%. 

These concentrations were chosen taking into account that the SiO2 content of 
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hydroxyapatite from natural bone varies between 0.1 - 0.2%. During the 

experiment, at preset times in the range 0-20 hours, samples were taken after the 

procedure described in the previous chapter. 

 

9.3. Experimental results 

Experimental data obtained show that the same values are obtained for the 

average diameter of particles both for the proportion of 0.075% and 0.15% SiO2 in 

hydroxyapatite. An explanation of the fact that nano-sized particles are obtained 

(0.02 µm) could be that the SiO2 and 2SiOCaO ⋅  adsorbs on the particles surface, 

resulting in total inhibition of their growth. 

The experimental results obtained were analyzed using a mathematical 

model based on the population balance equations. By combining a process model 

optimization algorithm based on least squares minimization, growth mechanism 

and kinetic parameters ( 1k , 2k ) can be determined from experimental data. The 

obtained model is in good agreement with experimental data and therefore can be 

used to design the process of precipitation. Growth mechanism has proven to be 

volume diffusion or volume diffusion + physical adsorption. 

Additional were prepared samples of hydroxyapatite substituted with 

fluoride ions, the general formula Ca10(PO4)6(OH)2-xFx, where 0,67<x<1,48. These 

fluorhydroxyapatites were deposited by the process called "flame spraying, on the 

surface of magnesium alloys [105]. by Scanning electron microscopy (SEM) 

characterization indicate the possibility of achieving uniform layers of 

fluorhydroxyapatite with thicknesses of 50 µm. IR analysis of the deposits show that 

fluoride ions entered the structure of hydroxyapatite, thus increasing its thermal 

stability as shown by X-ray diffraction analysis. Finally, by adding fluorine to obtain 

different apatite-based materials that can be successfully used in coatings for 

magnesium alloys. Preliminary research carried out indicates the possibility of 

broadening the range of biomaterials based on apatites / apatites substituted with 

fluorine. 
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10. Personal contributions  

 

Recent studies show that in literature are no data about mathematical 

modeling of processes components in the technology for obtaining hydroxyapatites. 

Also there are missing data about the use of mathematical models as tools for 

control, predictive control and management of hydroxyapatites-based biomaterials 

technology. The novelty of this thesis is to attempt to achieve such a study for the 

synthesis of hydroxyapatite and its substituted derivatives (with SiO2) by 

precipitation. The thesis presents a clear centralization of the main phenomena 

occurring during the precipitation and the aspects to be taken into account in 

developing the mathematical model of the process.  

Based on kinetic study undertaken in this study a mathematical model of the 

transformation of amorphous calcium phosphate into hydroxyapatite was 

elaborated. Process simulation using the mathematical model shows that it can be 

described by the equation: 
2

21
τη ⋅−−= K

e , that corresponds to a combined 

macrokinetic mechanism. 

In the thesis was presented a method for measuring the kinetics of crystal 

growth and fragmentation of agglomerates and was developed a mathematical 

model of the precipitation process of hydroxyapatite. The method is based on the 

measurement of particle size at different residence time in reactor. By combining the 

mathematical model based on the population balance equations with an 

optimization algorithm based on least squares minimization, we determined the 

growth mechanism and kinetic parameters ( 1k , 2k , α ) from the experimental data 

and through their assessments were established the different mechanisms of particle 

growth. 

Following experimental research, we establish technological scheme for 

obtaining apatites with different proportions of SiO2, a technique for producing 

nanoparticles. The installation comprises a mixing batch reactor and a static mixer 

Y, which allows rapid mixing of reactants at high levels of supersaturation. 

Preliminary studies were made for a series of samples with fluoride ions substituted 

hydroxyapatite (fluorhydroxyapatite). They proved to be sufficiently thermally stable 

and can be used in the coating process called "flame spraying". 

In the thesis has been proposed three functional forms for function of the 

fragments distribution (the 3 cases of fragmentation of the particle) and 

fragmentation coefficients were determined – an information key in solving the 

population balance equation. 
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The mathematical model established in this thesis will be used later to 

develop a complex mathematical model/ product (software) that will allow 

optimization of working parameters and control, automatic control and predictive 

management of the process of obtaining hydroxyapatite. The results will contribute 

to the broad scientific knowledge and a priority area of great interest nationally and 

internationally. The literature study shows that both national and international 

communication between groups of specialists in engineering and materials science is 

very weak, research articles are limited to very restricted areas of specialty. 
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11. Concluding remarks 

 

This paper presents a method for determining the kinetic parameters for the 

precipitation process of hydroxyapatite. The method is based on the measurement of 

particle size distribution in different working conditions using a particle analyzer. 

Growth mechanism of particles identified was a combined one, and is consistent 

with the literature. 

In the thesis is presented the method of obtaining by precipitation nano-

particles of hydroxyapatite and the protocol used for determining growth rate in 

these conditions. This technique involves the use of surfactants, whose role is to 

inhibit crystal growth and to stabilize the particles by reducing the phenomenon of 

(re)agglomeration. Sodium silicate was used as the additive, in two different 

concentrations.  

The mathematical model of the transformation of amorphous calcium 

phosphate into hydroxyapatite was established and were determined the numerical 

values of the constant from mathematical model. Simulation model validation 

process was done by using the proposed model. The values obtained match well with 

experimental data which confirms the accuracy of the model. 

As a general conclusion, we observed that: 

- high temperature decreases the phenomenon of agglomeration of particles 

(simulation didn’t take into account the (re) agglomeration) 

- addition of surfactants blocks particle growth and (re) agglomeration 

phenomenon disappears 

- at high temperatures the conversion rate of amorphous calcium phosphate into 

hydroxyapatite is higer 

- for the synthesis of hydroxyapatite optimal pH is 11  

The mathematical model obtained in this thesis provides background 

information for the development of methods for determining the kinetic parameters 

of growth and fragmentation for the precipitation of hydroxyapatite based on the 

measured particle size distribution. Because very high superaturation, nucleation is 

instantaneous, very difficult to control, the technical means that are currently 

available in the laboratory did not allow separate study of this process. This is why 

we studied the overall precipitation process: nucleation - growth of germs - 

fragmentation. The fact that the mathematical model agrees well with experimental 

data, shows that the modeling of this process is possible. The mathematical model 

obtained will be included in a complex model, which can then be used in process 
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control in order to obtain materials with controlled properties for various 

applications. This approach is very topical and it is not common in materials science. 
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